An unusual generalized quadrangle of order sixteen  by Payne, Stanley E & Conklin, James E
JOURNAL OF WMBINATORIAL THEORY, Series A 24, 50-74 (1978) 
An Unusual Generalized Quadrangle of Order Sixteen 
STANLEY E. PAYNE 
Department of h4athemaiiq Miami University, Oxford, Ohio 45056 
AND 
JAMES E. CONKLIN 
Department of Mathematics, Cornell University, Ithaca, New York 14850 
Communicated by the Managing Editors 
Received November 8, 1976 
The generalized quadrangle 9 associated by the method of Tits with the 
nonconical ovoid discovered by M. Hall, Jr., in pG(2, 16) is shown to contain no 
subquadrangle of order 4. The full collineation group of 3 is determined. 
1. PROLEGOMENA 
A generalized quadrangle (GQ) of order (s, Z) is a finite point-line incidence 
structure-9 = (9, 9, I) with pointset g, lineset 9, 9 n 9 = 0, and a 
symmetric point-line incidence relation 1 satisfying the following axioms. 
11. No two lines of 9 are incident with two points of 9’ in common. 
12. If x E 9, L E 9, and x 3 ,C. (i.e., x is not incident with L), then there 
is a unique pair (y, II~)~zP’ x 2 such that ~1 IW, MI y, and y1 L. 
13. Each line (point) is incident with 1 + s points (I --I- t lines). A 
GQ of order (s, S) is frequently said to have order S. 
Let n be a projective plane of order q. Then an ovoid !2 of r is a set of 
I + q points of V, no three of which are collinear. Given an ovoid .Cr of v 
with q even, there is a unique point N of n called the nucleus of Q having the 
property that 9 := fi u {N> is a complete oval of r, i.e., each line of r is 
incident with exactly 0 or 2 points of .CY (cf. [4]). If v is Desarguesian, then 
a nonsingular conic ofr is an ovoid and a complete oval obtained by adjoining 
to a conic its nucteus is called a conical OWI. M. Hall, Jr., has shown in [3] 
that in PG(2, 16) there are precisely two kinds of projectively inequivalent 
complete ovals, the conical ovals and just one additional type. This non- 
conical oval I&’ will play a central role in the present study. 
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J. Tits has shown how to use an ovoid of any Desarguesian projective 
plane 7r (with the definition of ovoid suitably modified for infinite planes) 
to construct a GQ (cf. [l, p. 3041). This construction has been studied and 
generalized in several earlier papers (e.g., [8, 11, 12, 15, 16, 18]), and in 
Section 2 we review the basic facts pertinent to a study of the GQ 9’ derived 
from au’. In Section 3 the full collineation group of 9’ is determined, with 
a by-product being that the group of collineations of PG(2, 16) leaving 
L&r’ fixed setwise is exactly the subgroup found by Hall in 131. In Section 4 
a detailed study of 9 shows that it contains no subquadrangle of order 4. 
At this time 9 is the only known example of a GQ of order qr that does not 
contain a subquadrangle of order q. 
Proofs are largely computational, and several tables that proved useful 
in performing computations are collected in the Appendix. 
2. THE GQ OF Trrs: FUNDAMENTAL RESULTS 
Let F = GF(2e) (the Galois field with 2e elements), and let 0 be the set 
of permutations cz of the elements of F satisfying Oa = 0, l” = I, and the 
following condition: 
for all distinct c0 , cr , cz o F. 
(11 
Then for each a E U there is an ovoid L$ of PG(2,29 consisting of points of 
PG(2,29 with coordinates given as follows. 
Qa = {(O, 0, 111 u NL G ~‘1 I c E Z$ with nucleus (0, 1, 0). 01 
pG(2,29 may be identified with the plane H = {(x0 , xl , x2 , x2) 1 x3 = 0) 
embedded in G = pG(3,29. The points (x<) and (yi) of G are conjugate 
provided that 
XOYZ + FZYO + XlY3 + x3-h = 0. (31 
The description of the GQ 9= = (9,9, Z) associated by Tits with .C& 
was modified in [5, 61 so as to appear as follows. The pointset 9’ of Ya is 
just the set of points of G. The lineset 9 of Y= is the set of those lines of G 
that meet in Ha unique point of .C& . The incidence relation I of Ya is defined 
by: If x is a point of H and L is a line of 9= not contained in H, then x is 
incident with L in Y= if and only if x is conjugate with each point of L as a 
line of G; otherwise the incidence of YW is that of G. 
The revised affine representation of L?= as given in [8] is as follows. There are 
points and lines of four types, with the correspondence between the affine 
coordinates of points and lines of 9= and the (nonhomogeneous) coordinates 
of the points and lines of G being given in Eq. (4). 
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Type Affine 
Points H &I 9 4 + (1, x1 , xom, 0) III (x) +a 4 l,W 
nf (=)I -+a 1,&O) 
.I 
(4) 
1 [cl) , Cl , CJ + {(1, Cl , COO, 0)) u {(.Y, cz i- c()x, Cl + CRY, l)\ x e Fj 
Lmes 
11 h 7 4 ~~(~,c~,~,~~j~~(c~,~*,~,~)l~~~j 
III [c] + {(O, 1, 0,O)j u {(I, AT, co, 0); x E Fj 
w [ml ~~~~,~,~,~~j~~(~,~,~,~)l~~~~ 
The incidences, collinearities, and concurrencies are then easily worked 
out to be as given in [8, Sec. 21. Figure 1 is a handy incidence diagram that 
sums up the incidence relation I in terms of the affine coordinates. 
The linear map T: (x,, , x1 , x2 , x3) -.+ (x2, x1 , x0, XJ on G maps L& to 
an ovoid J& , where 
a*: x - CYY, for .Y = J$.V-~, (5) 
(This corrects Eq. (3) of [8].) 
Then T induces an isomorphism T*: YE -+ 9& mapping [coL to [OL. 
and [Ola to [celU* . 
For each quadruple (k, u1 , Us , ur,) of elements of F with /c # 0 there is 
a collineation n(k, ul , uz , u3) of J$ given by 
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Those collineations of the form ~(1, oI , us , cr& are called #~~&.z?~o~s 
about the point (co) and those of the form m(k, 0, 0, 0), k # 0, are homo2ogie.s 
about (a) with center (0, 0,O) (cf. [ 12, 181). The existence of these collineations 
forces (a~) to be a piuotu2 point in the sense of [2], so that by Theorem 2.3 
of [2] we know that either cz = 2 or each collineation of Ya ties (cc) (also 
see [ 14, V, I]). For each triple (0, d, /3), u, de F, d # 0, j-3 g Aut(F), such that 
for all x, y g F, x # 0, and 
for all yI, yz E F, there is a collineation 77 = +(Q, d, /I) of Yfi defined by 
Eq. (11) of [8]. 
From Theorem 1 of [6] we know that each collineation of Ya ting (co) 
and [cc] has a unique representation as a product + 0 n for some 6 as defined 
in Eq. (11) of [8] and some r as in Eq. (6). 
A necessary and sufficient condition for Ya to have a collineation moving 
[co] to [cl, for some c E F, is that for some automorphism 8 of F and some 
a, b, e F, a # bc”, the expression 
is independent of p e F (JP # b), where +) is defined by 
If there is a cohineation moving [a] to [c] (and fixing (co)), then it must 
be of the form (9 0 r, where 7r is of the type described by Eq. (6) and 
6’ = L~(c, u, b, 8) has the following description (put d = (bca + u)-1). 
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This description of 6 first appeared in [14] as a corrected version of 
Theorem 5.1 of [8]. 
If x and y are points of Ya , write x - y or x + y according as x and y 
are collinear or not. (The same notation is used to denote concurrency.) 
The terms star, trace, span are defined by the following, where A is a set of 
pairwise noncollinear points with 2 < 1 A 1. 
St(x) = {MEL? 1 x -yj] = star of x. 
tr(A) = n{st(x) 1 x E A} = trace of A. 
sp(A) z {x E 9 1 tr(A) C St(x)} = span of A. 
If A = {x, y} with x # y, we write tr(A) = tr(x, y), sp(A) = sp(x, y), and 
define (x, y) to be a regular pair provided z o sp(x, y) whenever 1 St(z) n 
tr(x, y)j > 2. Note that the present definition of sp(x, y) generalizes the 
definition used in previous articles (e.g., [8, 111) that was given only under 
the assumption that (x, y) be regular. A triad of points is a triple (x, y, z) 
of pan-wise noncollinear points. A pair (x, y) of noncollinear points is regular 
if and only if every triad (x, y, z) is centric (cf. [7]), i.e., has a center IV, 
w - x, w -y, w -z, zy and only zy eactz triad (x, y, z) has either I or 1 + 2e 
centers. A point x is regzdar provided each pair (x, y), x # y, is regular. 
These definitions and results have their duals for lines. 
The point (co) of YE is biregular, i.e., the point (cc) and each line through 
(a) are regular. Each point (line) of YE is regular precisely when a = 2, 
i.e., L& is a conic. If a # 2, then two nonconcurrent lines of 9? form a 
regular pair if and only if some line through (co) is in their trace (cf. 
Lemma 3.2 of [2]). Even when pairs of points or lines are not regular, a 
study of the degree to which they miss being regular is useful. We include 
here three general results of this type that proved useful in analyzing the 
Hall-Tits GQ of order 16. 
First, consider the pair ((O), (1, 0, 0)) of noncollinear points. Its trace 
is the set {(1)} u {(O, b, bm) 1 b E F}. Similarly, the trace of the pair ((1), (0, 0,O)) 
is the set {(0)} u {(I, a, a”) 1 a E F}. And an easy check reveals the following: 
U, a, 4 - (0, h W if and only if am + ba = (a + by. ua 
Second, let 0 # c l F. The trace of the pair ([O, 0, 01, [c, 0, 11) is the set 
{P, 01, 10, 0, 11, k, 0, m u WI& = Lp, pw + af-@ + g-h PW + o/ 
&cm + @z)] 1 0, c # p eF}. The trace of the pair ([O, 0, 11, [c, 0, 01) is the set 
{[c-l, I], [O, 0, 01, [c, 0, l]} u {L = [u, V(P + c~)/(W + vc), fY(zJ + c)/ 
(UP + UV)] 1 0, c # v E F. Then using Table I of [8] it is possible to show 
the following. 
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and 
[c-l, 0] - Lv iff Pcz = u2ca; [c-l, I] - kIti iff pV2 = p2ca. 
Third, the trace of([O, I], [c, 0, O]), c e F, is equal to the set {[O, 01, [c, 0, l]} u 
{NW = [u, (u= + cay+ + c), 11 I c- # ~1 o F}. And the trace of ([O, 01, [c, 0, 11) 
is the set {[O,ll,~~,O,OJ}~~~~=~,~+~~~/~+~),Oll~#~~~~. 
Table I of [8] is useful in establishing the following. 
NV - Ku iff &&, 0) = cab2 + v2) -+ pm(zj2 + c2) + z~W(~z + cz) = 0. (14) 
The unique (up to isomorphism) GQ of order 2 is called a doillie, and a 
point (or line) x in a GQ 9 of order s is called lacy provided each 5-gon of 
9 through x is embedded in a doillie of Y. In [ll] it was shown that (a) is 
a lacy point of Ya . However, [co] is not lacy in general ([co] is lacy precisely 
when a is an automorphism of F of maximal order e, in which case Ya is 
self-dual), and it is useful to have an algebraic criterion for deciding how 
many doillies contain [w]. So let 9 be a doillie of Yti containing [co]. By 
applying a translation about (cc), we may assume that (0, 0,O) is a point 
of 9 Then by applying an homology about (cc) with center (0, 0, O), we may 
assume also that (1) is a point of 53. For some l, p o F, tp(t - p) # 0, the 
lines of 9 through (1) must be [co], [l, t], and [I, ~1. It follows readily that 
the points and lines labeled in Fig. 2 must all belong to 9. 
FIGURE 2 
There must be a third line of 9 through the point (I, t, P). It clearly must 
be a line of Type I, so suppose its first coordinate is u, t # a e F. Hence it 
must be the line [u, ua + P, a + t]. The point (0, ~2 + t, au + P) on this 
line is collinear with the point (0) on the line [O, a + t]. Each triad of lines 
of 9 must have a center in 9, so there must be some line L of .9 meeting 
b, 0, 01, [co], [u, @ + P, ~2 + t]. By the regularity of [cc] in Ye, and since 
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this triad clearly cannot have 17 centers ([l, ,u] E tr([ co], b, 0, O]), but 
[I, ~1 + [u, CP + t, LI + t]), it must have a unique center in Ya . Hence there 
is only one candidate for L. If LZ = p, then L = b] and L meets the three 
lines at (JL, O), (a), (p, pa + tm), respectively. In this case 9 can be completed, 
since (co) is always lacy. So suppose u + p. This forces the line L not to pass 
tlmgh (a~). h fact 15 = [(a + t)/Cu + p), p(u + t)/(u + p)] meets f.p, (401, 
[aI, ad b, CP + tm, ~7 + 4 at the points ((a + tY(a + ,4, p(a + tHa + p), 
P% -k tY@ -k /-a Ku + tm + t-4, ad 0 + t)/b + ~1, P@ + t)/@ + 1.4 
wo + i-4 + .fYu + PM2 + t-4, respectively. As the three points of 9 
on lj.~, 0, 0] must be collinear with the three points of 9 on [u, uz j- t x, u + t], 
it must be that (I, p, pm) - (0, u + t, uti + te). This is easily seen to be the 
case (using Table 1 of [8]) if and only if (u + p + t)= = Us + px + ta. 
On the other hand, if this equality holds, to complete the doilhe 9 in YE 
is!routine. This complete doillie is given in Fig. 3, and essentially completes 
the proof of the following theorem. 
FIGURE 3 
2.1. The doillies of Ya thut contuin the points (O), (1), (0, 0,O) ure of the 
following two types: 
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(i) those that contain (co). In this case for each pair t, p of distinct 
elements of F there is a unique such doillie containing the lines [ 1, t] and [I, ~1. 
(ii) those that do not contain (co). In this case for each pair t, p of distinct 
elements of F there is a unique such doillie containing the lines [l, t] and [l, ~1 
for each a E F such that t # a # p and the following equation holds (cf. Fig. 3). 
(15) 
We now partially investigate the doilies of YU that contain the line [b], 
b E F. With no loss in generality we may assume that 9 is a doillie containing 
the points @, 0), @, l), (0, 0, O), and the lines [& 0, 0] and [b]. For our present 
purposes it is sufficient to assume that one of the other lines of .9 through 
(b, 1) is the line [b, 1, 01. Hence (0, 0, 1) and [O, 0] belong to 9. At this point 
there are determined two lines of g through each of the points (b, O), (0, 0, O), 
(0, 0, l), and (& l), a 4-gon in ~2. We make the following notational assump- 
tions: [b, 1, w] (w # 0) is the third line of 9 through @, 1); [c, 1, 0] (c + b) 
is the third line of 9 through (0, 0, 1); [m, 0, 0] (m # b) is the third line of 
~2 through (0, 0,O); (d, bd, b=d) (d # 0) is the third point of 9 on [b, 0, 01. 
Let ,4 be the point of [c, 1, 0] collinear with (b, 0). 
The line through A and (b, 0) is given by 
A . (b, 0) = [b, 0, (b 4- c)(b + CT’]. (17) 
The point (d, bd, bad) is collinear with (d, bd, 1 + Pd) on [b, 1, 01, hence 
[d, bd] and (d, bd, 1 + bad) belong to 9. Let B be the point (of 9) collinear 
with A and on [d, bd]. There are now two possibilities: 
(i) ba + cQ = d-l; (ii) b” + P # d-l. 
Case (i) C~ = b= + d-l. Then a straightforward check shows that 9 
must be the doillie exhibited in Fig. 4. 
Case (ii). ca # P + d-l. In this case we have the following: 
B = (d, bd, ba(ba + c=)-l + (d ,+ b + c’)-‘)](c + bd(P + ~9) 
x (1 + 4b= + PYI% W3) 
where 
p = (c + bd(& + ~))(l + d(bE + ~))-l. 
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FIGURE 4 
L,et D be the point at which (m, 0, 01, [b, 1, w], and AB meet. Since 
D # @, 1) and D is on [b, I, w], D must be of Type I as in Eq. (4). Because 
Dis on [m, 0, 01, D = (t, mt, mat) with t # 0. And D = (t, w + bt, 1 + @f) = 
(t, ((p + c)/(b& + ~9) + pt, ((ba + p)/(P + ~9) + p). Hence ml = w + 
bt = & + c)(b= + cm)-l + pf, and mV = I + b? = (ba + p)(ba + P)-l + 
PV. From these equations we easily derive the following (note that p # m 
since p # c). 
c? + p 
= (ba+P)(p+by = (p+tz;b~+cy 
w = (p + c)(m + bMp + mW + c9. VI 
From Eq. (21) it follows that w is determined by b, c, m, p, and hence by 
b, c, d, m. From Eq. (20) the following equations hold. 




It comes as no surprise, of course, that Eq. (24) holds for all m, p, b e F, 
m # TV, when a is the Frobenius automorphism u = 2. We have established 
the following result. 
2.2. Let YE have a doillie 9 containing the line [b], b g F. Suppose that 9 
contuins (b, O), (b, l), (0, 0, l), (0, 0, 0), but not (w) (and hence not [a]). 
If [m, 0, 0] is the third iine of .9 through (0, 0, O), there is a p e F, TV # m, 
such that the third line of 53 through (0, 0, 1) is [c, 1, 0] und Eqs. (22)-(24) 
are s@tisjied. (As c # b, it also follows that p # b.) 
Let Y be a GQ of orders with a subquadrangle Q of order q. A point of Q 
is called a Q-point; a point x of Y not in Q but incident with a (necessarily 
unique) line of Q is a tangent point; a point x of 9 incident with no line of Q 
is called an external point. Analogously, lines of 9 are classified as Q-lines, 
tangent lines, and external lines. We need the following special case of a 
general restriction on the parameters of a subquadrangle. 
2.3 (Payne [9], Thas [17, 191). Zf a GQ 9’ of order s has a subquadrangle 
Q of order q, then q2 < s. Moreover, q q2 = s, then each external point is 
collinear with 1 + q Q-points, and no tangent point is incident with a tangent line. 
Finally, we conclude this section with the following result of Payne [13]. 
2.4. There is a unique GQ 9 of order 4. All points and lines of 9 are 
regular. 
3. THE HALL-TITS GQ OF ORDER 16 
Consider the field F = GF(16) as an extension of GF(2) by an element [ 
satisfying c4 + < + 1 = 0. Here [ is a primitive root whose powers are 
given as follows. 
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ln Eq. 4.4 of [3] Hall gives one representation of the (unique up to projec- 
tive equivalence) nonconical ovoid in PG(2, 16). Upon replacing each of 
his points (x0, x1 , x2) with the point (.Y~ , x1 , .x,J his oval is immediately 
seen to be equivalent to the ovoid J& with nucleus (0, 1, O), where 3 is the 
permutation of elements of F with the following decomposition as a product 
of disjoint cycles. 
o! = @l(l)(L P, P, P9 P3 P, P, P, P? P, P, P3> c3, PI. CW 
Throughout the remainder of this paper the symbol x denotes the permutation 
given in Eq. (26). 
Hall gives three collineations p, b, NJ of the plane PG(2, 16) that fix setwise 
his nonconical oval .Qa’ and generate a group that acts transitively on the 
points of the oval. Moreover, a quick check shows that p = wb%, hence 
IV and b generate his entire group of collineations. Consider the collineation 
P+. Because we have replaced the point (x, JJ, z) in Hall’s notation with 
(2, JJ, x), in the usual homogeneous notation, the collineation IVY acts on 
points of PG(2, 16) as follows. 
w/L: (x, J, z) + (3, p, z f;; F ;I[ i ;j 
~= (xz/y ~- p2,ey2p -1. pp .L z2p33.y2[ + ;<ll) (27) 
The nucleus (0, 1, 0) of QE is mapped by IVY to (0, 13, O), i.e., it i.sjxed. 
Any collineation T of G = PG(3, 16) fixing the set J& (and hence necessarily 
fixing the nucleus (0, I, 0)) and preserving conjugacy clearly induces a 
collineation T* of YE . We seek to determine those semilinear maps T of G 
whose restrictions to the plane l-l == {(x0, or , x2, x3) G G 1 x3 7 0) yield 
the collineation \VP. Here the point (x, y, z) of PG(2, 16) is identified with 
the point (x, y, z, 0) of H. Clearly T must belong to the Frobenius auto- 
morphism fl: x + -9 of F. Let 
so that (x~) and (yi) of G are conjugate provided (x~) . C * (yJr = 0. The 
conditions imposed on T so far require that there be a nonsingular 4 x 4 
matrix A with the following form. 
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Then (x, y, .z, w) T = (x2, yz, .zz, rv2) A, and T preserves conjugacy if and only 
if C = L4Ur for some nonzero k e F. It follows readily that this latter 
condition holds if and only if p = 113, r = <lo, s = c2. Then for each choice 
of q o F there is such a T. 
Put q = 0. It is then possible to calculate the effect of T* on Ya in terms 
of its affine coordinates. Following T* by n(cs, 15, 0, 12) yields the colhneation 
l3 = u, c*, P4, a in the notation of Eq. (11). For convenient reference 
we record the effect of 6 on the points of Ya. 
Occasionally it is quite convenient to use the following more compact, 
exponential notation for the elements of F. The zero element of F is denoted 
by * and the element ci is denoted by i, 0 < i < 14. For example, the line 
[clO] is denoted [lo]. In presenting the cycle structure of 19 as a permutation 
of the points on the fixed line [2] (in compact notation), each point (2, y) 
may be denoted simply “y.” The following partial descriptjon of 0, to be 
useful later, is conveniently given in this very compact form. 
3. I. 0 = 0(1, 4, 14, 2) is a collineation of YG aide r/ze following cycle 
decomposition when considered as a permutation of 
(i) The lines through (m) ([y] is denoted by y): 
(*, 10, 13, 0, 14, 12, 5, 7)(1, 3, 6, 4, 9, 11, 8, co)(2). 
(ii) The points on [2] (The point (2, y) is denoted by y): 
~~N~~~*N(4 14, 12, g)(2, 3, 5,9)(6, 11X4, 7, 13, 10). 
(iii) The lines through (2, *) ([2, *, z] is denoted by z): 
CW*MN2 Wl, 1294, 3)(2, 14, 8, 11)(6, 7,9, 13). 
(iv) The Zincs through (2, 1) ([2, I, z] is denoted by z): 
([2](*, 11, 9, 4, 5, 3, 6, 8)(0, 14, 7, 2, 10, 12, 13, 1). 
The fixed lines of 6’ are precisely [2], [2, *, *], [2, *, 51; the jixed points 
of 0 are precisely (co), (2, *), (2, l), (*, *, *), (10, 12, 6), (*, 5, *), and 
(IO, 14,6). And e4 is a nonidentity whorl about each of the following: the 
line [2], the point (2, *), and the point (2, 1) (a whorl about an object x jxes 
each object incident with x; cf. [12]). 
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In the remainder of this section we determine all colhneations of Ym . 
The computations are rather tedious, and we have found it expedient to 
construct certain arithmetic tables for easy reference. Some of these tables 
are given in the Appendix, but most of the subsequent computations wili 
be sketched only briefly. 
The collineations of *Yti of the form Q?(u, d, ,8) (i.e., those fixing the points 
(~13 m c *, *, *)) form a subgroup of the full collineation group in which 
composition is given by the following. 
+(u, d, /3) 0 +(u’, d’, /I’) = +(u’ + d/u/l’, d’do’, /3/l’). (30) 
For the following theorem we revert to ordinary notation for the elements 
of F. 
3.2. +(u, d, /3) is a collineation of ?Ya zy and only lj- u = 0, d = I, and 
6 = id. 
Prooj The proof consists of a sequence of steps whose tedious compu- 
tations we only briefly sketch. Assume throughout that +?(u, d, /I) is a 
collineation. The first major step is to show that if l’3 = id, then u = 0 
and d = 1. To this end we specialize Eqs. (6) and (7). 
(y-~ = (u/d)--’ [(u j- dp-’ + Us-’ ] (Eq.(6)with/3=id,y= 1, 
x-l = (u/dp-‘). (31) 
(u + d<)&-l = (u + dcld)@-l + (u + d)a-’ + CT@ (Eq. (7) with /3 = id, 
y1 = L >‘2 = 1.1 (32) 
Suppose p = id, so Eqs. (31) and (32) must both hold. Letting CJ and d 
independently range over the elements of F, d # 0, we find only the following 
solutions: 
(a) u = 0, d = 1 (corresponding to the identity collineation +(O, 1, id)), 
(b) u = 0, d = <13. 
To eliminate case (b), put y1 = cz, yg = 1 in Eq. (7). This completes the 
proof that if p = id, then u = 0 and d = 1. 
Then suppose that /?: .X - x4, i.e., p has order 2 and we write /3 = 4. 
If fi(u, d, 4) is a collineation, then by Eq. (30) and the previous case for 
,t? = id we have [fi(u, d, 4)lz = +(u + du4, d5, id) = +(O, I, id). Hence 
(i)u+du4=Oand(ii)d5=l.F t irs suppose that u = 0, so d E { 1, c3, c6, 
cQ, {12j. In Eq. (7) put p = 4, u = 0, y1 = (dll)wbl, yz = 1 + yr . Since 
d5 = 1, also dll = d, and Eq. (7) becomes 
(33) 
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But Eq. (33) is easily checked and found not to hold for d = C3, 16, C9, (lz. 
In conncection with Eq. (33) it is of interest to note that by the lower halves 
of Tables I and II, a satisfies the functional equation 
JF1 = 1 + ya. (34) 
To eliminate +(O, 1,4), put 0 = 0, d = 1, fi = 4, .X = J = < in Eq. (6). 
Hence +(O, d, 4) is not possible. 
Now assume 0 # 0, so d = u-~ by (i), and (ii) is clearly satisfied for any 
nonzero value of g. In Eq. (6) put fi = 4, d = G-~, x = y = @-I, to obtain 
the following. 
( y + Jr3p = (jP)-3 + y. (35) 
A routine check shows that the only nonzero solutions to Eq. (35) are 
JJ = I and y = <ll. To eliminate y = 1 (i.e. u = d = I), put y1 = c and 
yZ = 1 + c in Eq. (7). To eliminate y = cl1 (i.e., g = 113, d = LJ, put 
y = cl1 and .X = [ in Eq. (6). This shows that +(u, d, 4) is not possible. 
Using Eq. (30) it is immediate that +(u, d, 2) and +(u, d, 8) are not possible, 
completing the proof of the theorem. 1 
The preceding result guarantees that the full stabilizer of [OZ] consists 
of the s3(.r - 1) homologies and translations about (co). Hence the group 
of whorls about [co] consists precisely of the s2 collineations of the form 
~(1, 0, u2, u3) given in Eq. (5). On the other hand, the whorls about [c2] 
include the sz collineations ~(1, u1 , uZ , c2%1) in addition to the collineation 
d4, where 0 is the collineation of 3.1. This proves the following. 
3.3. No collineation of Ye maps [c2] to [CO]. 
We now revert to the compact, exponential notation for the elements of F. 
Recall that 0 has three orbits when considered as a permutation of the lines 
through (co), and that (a) and (*) belong to distinct orbits of size 8 (cf. 
3.1(i)). Moreover, Ym is isomorphic to cYe*, with a* given by Eq. (5) under 
an isomorphism that interchanges the coordinates co and * for lines through 
(a). Hence Y= has a collineation mapping [a] to [*] if and only if there is an 
isomorphism from 9= to 9$ in which the line [cola corresponds to [calm* 
and ( DX)~ corresponds to (co)ti* . We show that this is not the case. 
3.4. There is no isomorphism from CYm to Yae mapping [UJ~ to [a~]~* , and 
hence no collineation of Ya mapping [ ~1~ to [*I= . 
Prooj Suppose that $: Ya - .Y& is an isomorphism mapping [o~]~ 
to [co]o*. Clearly 4: (co)= + (a)&* , as ( CD)~ and (a)+ are the unique regular 
points on [ ZJ]~ and [CD],+ , respectively. By preceding 4 with an homology 
and/or translation about (a)a we may assume that 4: (*)a -+ (*)=* and 
$1 6% - mx* . Hence 4 maps each doilhe containing (*)= and (0)e but not 
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( w)~ onto a doilhe containing (*)+ and (0)ee but not (co)ae . Following C$ 
with an appropriate translation about (co)+ that fixes (*)a* and (O)#*, we 
may also assume that 4 maps (*, *, *)U to (*, *, *)a* . It follows from 2.1 
that 4 induces a permutation +: u + Z of the elements of F such that for each 
triple (u, b, c) of elements of F it is true that (CZ + b + c)~ = czW + bLY + ca 
if and only if (2 + b + Ey* = SU* + &* + P*. The crux of the proof is 
to show that this is not possible. 
A routine calculation shows that CX* has the following cycle decomposition. 
a* = C*)(O)@, IO, 12)(1, 8, 9, 3, 14, II, 6, 4, 7, 13, 2). (36) 
A triple (u, b, c) of distinct elements of F is called cx-admissible provided 
(u + b + cp = u” + ti + cu. Then @*-admissible is defined similarly. 
By a straightforward but tedious computation it is possible to determine 
all such triples, and we state this as a separate result for future reference. 
3.5. (i) A tr@le (a, b, c) of distinct elements of F is a-admissible y and 
only if it is a subset of one of the following 4-sets: {*, 3, 8, 13}, {*, 3, IO, 121, 
W, 1,9, 141, K-4 1,2,W, {2,4,9, 131, {2,9, 10, 141, {4,8, 12, 14}, {4, 1% 13, 14}, 
18, 10, 12, 13}. 
(ii) A tr@le (a, b, c) of distinct elements of F is a*-admissible ifand only 
IY it is a subset of one of the following 4-sets: { *, I, 2, 51, {*, I, 8, 101, 
i*, 3, 10, 12>> K4 1,3,71,Kk 7, 8, 121, {2, 5, 8, 1% {4,9, 1% IQ, {3, 6, 13, 141, 
U, 3, 8, 121. 
It seems very curious that both cx and CX* should have exactly 36 admissible 
triples arranged into nine 4-sets with no triple in common. In particular, 
neither CI nor a* has a 5-set, each triple of which is admissible. 
To see that a could not set up a correspondence between triples that are 
a-admissible and those that are a*-admissible, note that 5, 6, 7, 11 belong to 
no a-admissible triple, but each element of F belongs to some a*-admissible 
triple. Or note that IO belongs to 15 a-admissible tiples, and no element 
of F belongs to more than 12 a*-admissible triples. This completes the proof 
of 3.4. 1 
3.6. Each collineation of .Fa has a unique representation of the form 
37(k, ul , u2 , ~7~) 0ei, 0 sg i < 7. 
Proof Let G be the full collineation group of YE . The preceding results 
have shown that the e-orbit of the line [w] is the G-orbit of the line [co], 
and the stablizer of [co] is precisely the subgroup of colhneations of the form 
7% 01, us 9 4. i 
The results obtained so far make it possible to determine all doillies con- 
taining two points of the line b] through (co), for each p E F u {a} except 
for p = 2. It would be interesting to know what doilhes YE contains that 
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have two points on [2] or that contain no line through (a~). In the next 
section we only partially resolve these questions. 
3.1. The collineations w and p of Hall [3] generate the complete group 
of collineations of PG(2, 16) that leave invariant his nonconical oval. 
Proox Any additional collineation would force the stabilizer of one point 
of the oval to be larger, which in turn would force the full collineation group 
of 9= to be larger, an impossibility. 1 
4. SUBQUADRANGLES OF ORDER 4 
We continue to work with the assumptions and notation of Section 3. 
The goal of this section is to show that the Hall-Tits GQ Ya contains no 
subquadrangle of order 4. Every other known ovoid in any PG(2,29 (conical 
or not) may be given by a permutation a that is a multiplicative map that 
must leave invariant any subfield of GF(29. It follows that the Ha&Tits 
GQ of order 16 is the only known GQ of any order qr having no subquadrangIe 
of order q. 
Let Q be a proper subquadrangle of order q in Ya . By the inequality of 
2.3, q < 4. We conjecture that q cannot equal 3, but we have not investigated 
this possibility. Many examples have been exhibited with q = 2 (recall that 
(co) is lacy), and we now investigate the possibility that q = 4. For the 
remainder of this section suppose that q = 4. There are three classes of points 
of 9a relative to Q: Q-points, tangent points, and external points. The same 
holds for lines. By 2.3 an external point (line) is collinear (concurrent) 
with exactly five Q-points (Q-lines). 
4.1. [m]isnotaQ-line. 
ProoJ Suppose that [a] is a Q-line. With no loss in generality we may 
suppose that (in exponential notation) (*), (O), (*, *, *) are Q-points. Since 
Q must be the unique GQ of order 4 with all points and lines regular, in 
particular each point of Q is lacy in Q. Let T = {tl, t2 , tz , t4} be the subset 
of F for which [0, ti], I < i < 4, are the Q-lines through (0) in addition to 
[cc]. Let (c) be a Q-point of [cc], c # a, *, 0 (there are at least two choices 
for c). Then there must be three choices for a E F such that (tl , t2 , a) is 
a-admissible (cf. the proof of 2.1). Hence each pair of elements of T must 
belong to two of the 4-sets listed in 3.5(i), But a check shows that the only 
pairs of elements of F that belong to two 4-sets listed in 3.5(i) are 
C*> 3), K4 11, (2,9), (2, 1% (4, 13) (4, 14), (8, 12), (8, 13), (9, 14), (1% 1% 
(10, 13), (10, 14). And there is no 4-set T, each of whose pairs is among the 
twelve just listed. This contractiction shows that [cc] is not a Q-line. 1 
4.2. [*I is not a Q-Iine. 
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ProoJ It suffices to show that [cola* could not be a Q-line in y&e . The 
argument as used in 4.1 may be applied. The only pairs of elements of F 
that belong to two of the 4-sets listed in 3.5(ii) are (*, l), (*, IO), (0, 7), (l$) 
(1, 3), (2, 5), (3, 12), (8, lo), (8, 12). Clearly there is no 4-set Teach of whose 
pairs is among the nine just listed. 1 
4.3. (CD) is not a Q-point, and the onIy possib/e Q-Zinc through (a) is [2]. 
ProoJ By the preceding results no line in the e-orbit of [a] or [*] may 
be a Q-line. Hence [2] is the only possible Q-line through (co). 1 
4.4. No line in the &orbit of [CD] can be a tangent line. 
ProojI We may suppose that [co] is a tangent line whose unique Q-point 
is (*). And (m) must be an exterior point incident with five tangent lines. 
Let [c] be any one of these tangent lines different from [oo]. Then we may 
suppose (c, *) is the unique Q-point on [cl. Finally, using the appropriate 
collineations we may suppose [*, 0] and (c, *, *] are Q-lines. Using Eq. (14) 
and the considerations leading up to it, we know that there must be a set 
U = {pI, pz, ~~1 and a set V = {cl, rz, ~1~) of elements of F\{c} such that 
I[*, *], [c, *, 0]} u {N.” ~ r g P’j is the Q-span of ([*, *], [c, *, O]), and 
u*> 01, ic, *, *]} u {KM 1 p E U) is the Q-span of ([*, 01, [c, *, *]). Moreover, 
K& and NC must be concurrent whenever (p, 2)) fz U x V, implying 
B& ZJ) = *. We claim that U n V = G. For suppose p E iJ n V with Ku 
and NW both Q-lines. Then Ku meets NM at the Q-point (&, e i- P)/& + c)) 
on the line b]. Hence (*), (*, *), (p, (pa + P)/(P + c)) = T is triad of 
Q-points with center (co). As each triad of Q is centric (cf. 2.lf, g of [1 I]), 
T must have a center that is a Q-point PV. Since r~ #= (co), by the regularity 
of (co) in YE T must have 17 centers. But this is clearly impossible. Hence 
lJ n V = P. To complete the proof it suffices to check that no c and corre- 
sponding sets U and V can exist. B&L, c) is symmetric in c, p, and v, and we 
list here the (unordered) triples (c, p, ~7) for which B&L, P) = *. Using this 
list it is easy to verify that for no c can there be a suitable u and V. 
Triples (c, p, 21) for which B&L, ~1) = *: (*, 0, 6), (*, 0, lo), 
C*, 2, 13), (*, 4, t4), (*, 5, 9) (*, 5, 1% (*, 6, lo), (*, 8, ii), C*, 9, 12), 
64 1, 12), (0, 2, 8), Cl 4, 5) (0, 4, 7), (0, 4, 131, (0, 5, 7), (0, 5, 13), 
$4 6, 1% (0, 7, 13), (1, 8, 9), (1, 10, 14), (1, 12, 13), (2, 3,4), (2, 3, llh t 
(2,4, 111, (2, 7, 14) (2, 9, 101, (3, 4, 1 I), (3, 5, S), (4, 5, 7), (4, 5, 13), 
(4, 6, 8h (4, 7, 131, (4, 10, 12), (5. 7, 13), (5, 8, 101, (5,9, 12), (7, 9, 1% 
(8, 13, 14), (9, 11, 14). 
This completes the proof of 4.4. 1 
4.5. The poitlt (‘m) is not an external point. 
‘3 7) 
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Prooj Let (a) be an external point. There are five tangent lines through 
(co) from among the following: [2], [*I, [lo], [13], [0], [14], [12], [5], [7]. 
We first suppose that [*] and [0] are both tangent lines. Using the appropriate 
collineations we may suppose that [*, *, *], [O, *, 01, [*, *, 01, [O, *, *] 
are Q-lines and that (*, *), (*, *, *), (0, *), (*, 0, *) are Q-points. Since 
[co] is not a tangent line, there must be a set U = {pl , pz , Pi} and a set 
v = {v 1 , vz , vX} of points of F\{*, 0} such that the Q-span of ([*, *, *], 
[O, *, 01) is the set {[ *, *, *], [0, *, 0]} u {Lo 1 u o V} and the Q-span of 
ct*, *> 01, B-4 *, *II k I[*, *, 01, PA *, *]} u {Mti 1 p e u}. An argument iden- 
tical to that used in the preceding proof shows that U n V = .@ here also. 
And Eq. (13) with c = 0 (in compact notation) becomes 
G&A, v) = peu2 + p2va + (/L~)~(v~ + v2) + (u~)~(/P’ + p2) = 0. (38) 
An unordered pair (p, v) satisfies Eq. (38) if and only if it is one of the 
follow@: U,7), U,% 0, 14), (2,4), (6, W, (7, f9, (7, % (7, 14), (9, 14). 
From this list it is easy to see that no suitable U and V exist. Hence not both 
[*] and [0] can be tangent lines. If all five tangent lines belong to the &orbit 
containing [*I, it is easy to arrange things so that both [*] and [0] are tangent 
lines. Hence [2] must be tangent line, along with four lines from the &orbit 
of [*]. If two lines [c] and [cl@ in the orbit of [*] are both tangent lines, it is 
also possible to arrange things so that both [*] and [0] are tangent lines. 
Hence it must be that [c] is a tangent line if and only if [clez is a tangent 
line, and we may apply 0 if necessary to guarantee that [*J is a tangent line 
along with [2]. Then using the appropriate collineations we may also assume 
that [ *, *, *], [2, *, 01, [ *, *, 01, [2, *, *] are Q-lines and (*, *), (*, *, *), 
(2, *), (*, 0, *) are Q-points. As before there must be subsets U = {pl , p2 , &. 
and V = {ol , ~1~ , L)~} ofF\{*, 21 for which Lu - M,, whenever (t.~, r) e U x V, 
and also U n V = .@ . However, with c = 2, Eq. (13) becomes 
G2(p, c) = 7(@~.~ + p2t+) + (/P)~(~LP + 1 lu2) + (P)~(~/P + 1 I$) = 0. (39) 
And a check shows that the only unordered pairs (p, 2)) for which G&L, ZJ) = 0 
are the following: (0, 4) (I, 12), (3, 6), and (5, 11). This completes the proof 
of 4.5. 1 
At this point the only possibility remaining is that (cc) could be a tangent 
point on the Q-line [2]. We now show that this is impossible. 
A routine check verifies the following. 
4.6. Let 8 = n(<, 0, 0, 0) . 0 . 7r([-l, 0, 0, O), wqhere < and 0 are deter- 
mined by Eqs. (5) and (29), respectively. Then 8 has the following cycle decom- 
position as a permutation 0J 
(i) the points of [2] ((2, y) is denoted by y): 
~~~N~*SW, 224, 8X3, 6, 12, W, 14, 13, llM, 10); 
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(ii) the Zincs fhrough (2, *) ([2, *, z] is denoted by z): 
~Pl~~*~~4Mk 11, 3, UL 13, 7, IOM, 6, 8, Ml4,9); 
(iii) the lines through (2, 0) ([2,0, w] is denoted by w): 
KVC*, 10, 8, 3, 492, 5, 7X6, 179, 11, 1% 0, 14, 13). 
For the remainder of this section suppose that [2] is a Q-line on the tangent 
point (a). We may suppose that (*, *, *), (2, *), and (2,O) are Q-points. 
Observe that t!? of 4.6 fixes these three points. Moreover, by 5.6 (iii) we may 
assume that either (i) [2, 0, *] is a Q-line or (ii) [2, 0, 61 is a Q-line. 
Case (i). [2, 0, *] is a Q-line. We use the facts that each point of Q 
must be lacy in Q and that (co) is not a Q-point. Suppose that [PZ~ , *, *J, 
i = I, 2, 3, mi # 2, are the three Q-lines through (*, *, *) in addition to 
*, *] and [*, *]. If [cj , 0, *], i = 1, 2, 3, C~ # 2, are the three Q-lines 
L;rough (*, *, 0) in addition to [2,0, *] and [*, *], then there are three 
distinct pi , i = 1,2, 3, pi # 2, t.ci # rnj , for which Eq. (22) holds with 
b = 2, for each choice of i, j such that 1 < i, j < 3. The unordered pairs 
FIGURE 5 
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(m, p) for which Eq. (24) holds with b = 2, m # 2 # ,u, are as follows: 
(0, 71B (I, 91, (3, II), (5, 131, (6, 81, W), 1% and (4, k), 0 < k < 14, ,k # 4. 
It is easy to check that suitable m 1, rng , m3 and p1 , Pi, p3 cannot be found. 
Hence Case (i) cannot occur. 
It fohows that the four Q-lines through (2,O) in addition to [2] must all 
lie in the &orbit of [2,0,6], and with a little thought Case (ii) may be reduced 
to two subcases: (iia) [2,0, 6] and [2,0,0] are Q-lines; (iib) [2,0, 61 and 
[2,0, 141 are Q-lines. 
Cuse (iia). [2,0, 61 und [2,0,0] are Q-lines. Then points and lines of Q 
that partially complete a doillie are indicated in Fig. 5, where c E F, * # c # 2. 
If P = 14, it can be checked that A + (8, 5, 1). So A - (8, 5, 1) if and only 
if the following holds (in ordinary notation). 
(40) 
However, a check reveals that c = 10 and c = 12 are the onIy values of 
c (c # 2) that satisfy Eq. (40). This implies that there are at most four 
Q-lines through (4, *, *), an impossibility. 
FIGURE 6 
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Cuse (iib). [2,0, 61 und [2,0, 141 ure Q-lines. A figure similar to Fig. 5 
is obtained, with B = (13, 3, 7). And A = (4ca/(cN + ll), c/(ca + ll), 
c~/(c~ + 11)) is collinear with B if and only if the following holds (after some 
simplification) in ordinary notation. 
A check shows that the only c satisfying Eq. (40) are c = 5, 13, and 14. 
Hence all three values of c must give Q-lines through (4, *, *). Put c = 5. 
Then a doilhe (of Q) may be completed uniquely as indicated in Fig. 6. 
However, (co) is not a Q-point, so that we have once again reached a contra- 
diction. This completes a proof of the following theorem. 
4.7. The Hall-Tits GQ of order 16 has no subquadrangle of order 4. 
5. APPENDIX 
Each of the three computational tables included here is a double table. 
Above the main diagonal one commutative binary operation is given, below 
the main diagonal a second. Exponential notation is used throughout, 
and each diagonal entry equals * for each of the six binary operations 
tabulated. As an example, to determine that (t2 + 15p = cl4 look up the 
(2, 5) entry in Table IL To find (<2)m + (<s)e = c2, look up the (5,2) entry 
in Table II. 








































































































































































































































































































































































































3 * 0 1 2 
---- 
* 0 1 2 
---- 
0 * 4 8 
---- 
4 3 * 5 
---- 
9 12 10 * 
---- 
13 I 5 14 
---- 
3 4 0 I 
---- 
IO 7 9 4 
---- 
14 11 2 13 
----- 
8 5 1 6 
---- 
12 9 I 0 
---- 
5 8 13 2 
---- 
7 10 12 3 
---- 
2 6 14 5 
---- 
6 211 8 
---- 
11 14 6 1 
---- 
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TABLE II 
0 I 0 ! * 
-- 
1 14 3 -- 
2 I I 11 12 -- 
3 I I 4 I 
4 1 4 
-- 
5 9 7 
6 12 11 
-- 
7 10 5 
-- 
8 I 9 
-- 
9 2 8 
-- 
10 5 10 
-- 
11 13 6 
-- 
12 8 2 
-- 
13 3 14 
-- 
14 6 13 
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11 12 13 
--- 
13 8 3 
--- 
8 13 12 
--- 
12 3 8 
--- 
2 10 6 
--- 
9 5 I 
--- 
3 12 13 
-- 
4 6 10 
--- 
14 1 0 
---- 
7 11 9 
---- 
10 2 4 
--- 
11 7 5 
--- 
6 4 2 
--- 
* 0 1 
--- 
3 * 14 
--- 
8 13 * 
---- 
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